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Ř+A+D+Y+. . .
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π = 3, 1415926... objevena Amerika, jej́ıž armáda osvobodila roku 1945 Plzeň
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π = 3, 1415926... stá̌ŕı Karlovy univerzity v roce 1763,

π = 3, 1415926... objevena Amerika, jej́ıž armáda osvobodila roku 1945 Plzeň
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π = 3, 1415926... Jǐŕı z Poděbrad druhým rokem českým králem,

π = 3, 1415926... stá̌ŕı Karlovy univerzity v roce 1763,

π = 3, 1415926... objevena Amerika, jej́ıž armáda osvobodila roku 1945 Plzeň
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Ř+A+D+Y+. . .

Motivace.

s = 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + ...

s = (1− 1) + (1− 1) + (1− 1) + ...

= 0 + 0 + 0 + ... = 0

s = 1− (1− 1)− (1− 1)− (1− 1)− ... = 1− 0− 0− 0− ... = 1

s = 1− (1− 1 + 1− 1 + 1− 1 + ...) = 1− s ⇒ s = 1
2

s = ?
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Ř+A+D+Y+. . .

Motivace.

s = 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + ...

s = (1− 1) + (1− 1) + (1− 1) + ... = 0 + 0 + 0 + ... = 0

s = 1− (1− 1)− (1− 1)− (1− 1)− ... = 1− 0− 0− 0− ... = 1

s = 1− (1− 1 + 1− 1 + 1− 1 + ...) = 1− s ⇒ s = 1
2

s = ?



Ř+A+D+Y+. . .

Motivace.

s = 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + ...

s = (1− 1) + (1− 1) + (1− 1) + ... = 0 + 0 + 0 + ... = 0

s = 1− (1− 1)− (1− 1)− (1− 1)− ...

= 1− 0− 0− 0− ... = 1

s = 1− (1− 1 + 1− 1 + 1− 1 + ...) = 1− s ⇒ s = 1
2

s = ?
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Ř+A+D+Y+. . .

Č́ıselné řady a jejich konvergence.

Definice.

Řadou (reálných č́ısel) rozuḿıme výraz

a1 + a2 + · · ·+ an + ... =
∞∑
n=1

an, (1)

kde pro každé n ∈ N je an ∈ R.

Č́ıslo an nazýváme n-tým členem řady (1), posloupnost (sn) definovanou p̌redpisem

sn := a1 + a2 + · · ·+ an =
n∑

k=1

ak

nazýváme posloupnost́ı částečných součt̊u řady (1).
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Č́ıselné řady a jejich konvergence.

Existuje-li
lim sn =: s ∈ R ∪ {+∞, −∞},

nazýváme ji součtem řady (1) a ṕı̌seme

∞∑
n=1

an = s;

je-li nav́ıc s ∈ R, ř́ıkáme, že řada (1) konverguje.
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Č́ıselné řady a jejich konvergence.

Geometrická a aritmetická řada.

Bud’ q ∈ (−1, 1). Pak pro posloupnost (sn) částečných součt̊u řady

1 + q + q2 + q3 + ... + qn−1 + ... =
∞∑
n=1

qn−1

plat́ı, že

sn =
qn − 1

q − 1
→ 0− 1

q − 1
=

1

1− q
,

a proto

s =
∞∑
n=1

qn−1 =
1

1− q
.
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Ř+A+D+Y+. . .

Č́ıselné řady a jejich konvergence.
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Č́ıselné řady a jejich konvergence.

Geometrická a aritmetická řada.

Uvažujme řadu

1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + ... =
∞∑
n=1

(−1)n+1.

Pak posloupnost částečných součt̊u

(sn) = 1, 0, 1, 0, 1, 0, ...

nemá limitu, a proto řada
∞∑
n=1

(−1)n+1 nemá součet.

Pro posloupnost (sn) částečných součt̊u řady

1 + 2 + 3 + 4 + ... + n + ... =
∞∑
n=1

n

plat́ı
sn = 1 + 2 + 3 + 4 + ... + n =

1

2
n(n + 1)→∞,

a proto
s =

∞∑
n=1

n =∞.
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(sn) = 1, 0, 1, 0, 1, 0, ...
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(sn) = 1, 0, 1, 0, 1, 0, ...

nemá limitu, a proto řada
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Pro posloupnost (sn) částečných součt̊u řady
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Pro posloupnost (sn) částečných součt̊u řady
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Pro posloupnost (sn) částečných součt̊u řady
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Č́ıselné řady a jejich konvergence.

Harmonická řada.

Uvažujme řadu

1 +
1

2
+

1

3
+

1

4
+ ... +

1

n
+ ... =

∞∑
n=1

1

n
.

Pak, protože pro každé k ∈ N plat́ı

1

2k + 1
+

1

2k + 2
+

1

2k + 3
+ ... +

1

2k+1
≥ 1

2k+1

(
2k+1 − 2k

)
=

1

2
,

je (Nicole Oresme, asi v r. 1350)

s = 1 +
1

2
+

1

3
+

1

4︸ ︷︷ ︸
≥ 1

2

+
1

5
+ ... +

1

8︸ ︷︷ ︸
≥ 1

2

+
1

9
+ ... +

1

16︸ ︷︷ ︸
≥ 1

2

+... =∞.

Jinak. Předpokládejme sporem, že

sn → s ∈ R ⇒ s2n − sn → s − s = 0.

Současně ale

s2n − sn =
1

n + 1
+

1

n + 2
+ ... +

1

2n
≥ 1

2n
(2n − n) =

1

2
,

a to je spor.



Ř+A+D+Y+. . .
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1 +
1

2
+

1

3
+

1

4
+ ... +

1

n
+ ... =

∞∑
n=1

1

n
.

Pak, protože pro každé k ∈ N plat́ı
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1

2k + 1
+

1

2k + 2
+

1

2k + 3
+ ... +

1

2k+1
≥ 1

2k+1

(
2k+1 − 2k

)
=

1

2
,

je (Nicole Oresme, asi v r. 1350)

s = 1 +
1

2
+

1

3
+

1

4︸ ︷︷ ︸
≥ 1

2

+
1

5
+ ... +

1

8︸ ︷︷ ︸
≥ 1

2

+
1

9
+ ... +

1

16︸ ︷︷ ︸
≥ 1

2

+... =∞.
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Uvažujme řadu
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∞∑
n=1

1

n2
= lim

n→+∞
sn ≤ 2.
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sn = 1 +
1

22
+

1

32
+

1

42
+ · · ·+ 1

n2
< 1 +

1

1 · 2
+

1

2 · 3
+

1

3 · 4
+ · · ·+ 1

(n − 1)n
=

= 1 +

(
1

1
−1

2

)
+

(
1

2
−1

3

)
+

(
1

3
−1

4

)
+ · · ·+

(
1

n − 1
− 1

n

)
= 2− 1

n
< 2.

Odtud již snadno vyplývá, že
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Ř+A+D+Y+. . .
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(Neměli bychom tajit, že důkaz tohoto tvrzeńı – na rozd́ıl od výše uvedeného
důkazu konvergence – je opravdu těžký.)
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. . . .
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∞∑
n=1

1
n4 = π4

90

.
= 1, 082323234,

∞∑
n=1

1
n5

.
= 1, 036927755 (p̌resnou hodnotu nikdo nezná!),
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. . . .
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∞∑
n=1

1
n = +∞,

∞∑
n=1

1
n2 = π2

6

.
= 1, 644934068,

∞∑
n=1

1
n3

.
= 1, 202056903 (p̌resnou hodnotu nikdo nezná!),
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Ř+A+D+Y+. . .

Č́ıselné řady a jejich konvergence.

Harmonická řada.
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Č́ıselné řady a jejich konvergence.

Harmonická řada.
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1

n
<

∞∑
n = 1

”
3 /∈ n“

1

n
≤ 80.

NENÍ TO PRAVDA!
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1

p

=
1

2
+

1

3
+

1

5
+

1

7
+

1

11
+

1

13
+

1

17
+

1

19
+ ... =∞.

∑
p1, p2

p1, p2 jsou
”
prvoč́ıselná dvojčata“
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Ř+A+D+Y+. . .
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1

p
=

1

2
+

1

3
+

1

5
+

1

7
+

1

11
+

1

13
+

1

17
+

1

19
+ ... =∞.

∑
p1, p2

p1, p2 jsou
”
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Ř+A+D+Y+. . .
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Ř+A+D+Y+. . .
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Nyńı si všimněme, že pro každé x > −1 je ln(1 + x) ≤ x ,

a proto
ln

(
n∑

i=1

1

i

)
≤

k∑
j=1

1

pj − 1
≤ 2

k∑
j=1

1

pj
.
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je konvergentńı, tzn. že existuje c ∈ R takové, že lim cn = c .
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Ř+A+D+Y+. . .
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Č́ıselné řady a jejich konvergence.

Leibnizova řada.

Určeme součet (konvergentnı́) řady
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Ř+A+D+Y+. . .

O p̌rerovnáváńı řad.
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pro každé s ∈ R ∪ {+∞,−∞} existuje bijekce ϕ : N→ N taková, že
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pro každé s ∈ R ∪ {+∞,−∞} existuje bijekce ϕ : N→ N taková, že
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9

10

)1 −
(

9
10

)2
+
(

9
10

)3 −
(

9
10

)4
+
(

9
10

)5 −
(

9
10

)6
+ ... = 9

19

.
= 0, 4736842105(

9
10

)1
+
(

9
10

)3 −
(

9
10

)2
+
(

9
10

)5
+
(

9
10

)7 −
(

9
10

)4
+ ...

= 9
19
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Děleńı se zbytkem
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Ř+A+D+Y+. . .

Bonus.

BOUCHALA
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Ř+A+D+Y+. . .

Bonus.

UOBC
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JČMF, Praha 2020

MatematiKant
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